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Abstract

This paper deals with the determination of eigenfrequencies of a frame which consists of a beam
supported by a column and is submitted to intermediate elastic constraints. The ends of the frame are
elastically restrained against rotation and translation. The individual members of the frame are assumed to
be governed by the transverse and axial vibration theory of an Euler–Bernoulli beam.
The boundary and eigenvalue problem which governs the dynamical behavior of the frame structure is

derived using the techniques of calculus of variations. Exact values of eigenfrequencies are determined by
the application of the separation of variables method. Also, results are obtained by the use of the finite
element method. The natural frequencies and mode shapes are presented for a wide range of values of the
restraint parameters. Several particular cases are presented and some of these have been compared with
those available in the literature.
r 2004 Elsevier Ltd. All rights reserved.
1. Introduction

The problem of vibrating frame structures is of importance in several fields of engineering, i.e.
bridges design, structural analysis of buildings and micro frames used in electronic equipment.
Several investigators have studied the natural vibrations of frames. It is not the intention to review
the literature consequently, some of the relevant papers will be cited. Early studies have been
compiled by Blevins [1]. Filipich et al. [2] analyzed the first symmetric mode of vibration of a portal
see front matter r 2004 Elsevier Ltd. All rights reserved.
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frame. An approximate solution is obtained by means of a variational method. In the analysis
presence of elastically restrained ends and variable cross-section members are considered. Laura et
al. [3] dealt with the determination of the fundamental frequency of vibration in the case of
antisymmetric modes of a frame elastically restrained against translation and rotation at the ends,
carrying concentrated masses. The optimized Rayleigh–Ritz method is employed to obtain the
eigenvalues and eigenfunctions. Filipich et al. [4] analyzed the in-plane vibrations of portal frames
with end supports elastically restrained against rotation and translation. Lee and Ng [5] presented a
formulation by the Rayleigh–Ritz method together with the introduction of artificial linear and
torsional springs for computing the natural frequencies and modes for the in-plane vibrations of
complex planar frame structures. Oguamanam et al. [6] analyzed a two-beam open frame structure
with an arbitrary angle of inclination between the beams and with a payload at the free tip. Heppler
et al. [7] extended the work presented in Ref. [6]. Lin and Ro [8] presented a hybrid
analytical–numerical method for the dynamic analysis of planar serial-frame structures. Many
excellent books also deal with vibrating frames [9–11]. In contrast to the body of information
described, there is no information for frames elastically restrained at intermediate points.
The present paper is concerned with the general problem of free vibrations of a frame with

intermediate constraints and ends elastically restrained against rotation and translation. The
separation of variables method is applied for the determination of the exact eigenfrequencies and
mode shapes. The eigenvalues are calculated numerically by applying the Newton method strategy
to the corresponding frequency equation. Solutions are verified by the finite element method. The
restrained frame analyzed includes the classical end conditions: clamped, simply supported,
sliding and free as simple particular cases. Some of these particular cases are discussed.
A great number of problems were solved and since this number of cases is prohibitively large,

results for the first five eigenfrequencies are presented for only a few cases. Also mode shapes for
some typical cases are included.
2. Variational derivation of the boundary and eigenvalue problem

Let us consider a frame composed by a column and a beam of length l1 and l2 respectively, as
shown in Fig. 1. It is supposed that the structure has elastically restrained ends and that the joint
point between the column and the beam is also elastically restrained. The rotational restraints are
characterized by the spring constants r1ð1Þ; r2ð1Þ and r1ð2Þ and the translational restraints by the
spring constants t1ð1Þ; t2ð1Þ; t3ð1Þ; t4ð1Þ; t1ð2Þ and t2ð2Þ: The behavior of the individual members of the
frame are assumed to be governed by the Euler–Bernoulli beam theory but the axial deformations
effects are also included.
In order to analyze planar displacements of the system under study, it is supposed that the

vertical and axial displacements of the beam and the column, are related to their local axes at any
time t, and are described by the functions wi ¼ wiðx̄i; tÞ and ui ¼ uiðx̄i; tÞ; i ¼ 1; 2; respectively.
Consequently, at time t the kinetic energy of the mechanical system under study is given by

T ¼
X2
i¼1

ðrAÞðiÞ

2

Z li

0

qwiðx̄i; tÞ

qt

� �2
þ

quiðx̄i; tÞ

qt

� �2 !
dx̄i; (1)
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Fig. 1. A planar L-shaped elastically restrained frame.
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where ðrAÞðiÞ denotes the mass per unit length of the i member of the frame.
On the other hand, the potential energy of the mechanical system is given by

U ¼
1

2

X2
i¼1

Z li

0

ðEIÞðiÞ
q2wiðx̄i; tÞ

qx̄2i

� �2
þ ðEAÞðiÞ

quiðx̄i; tÞ

qx̄i

� �2 !
dx̄i

þ
r1ð1Þ

2

qw1ð0; tÞ

qx̄1

� �2
þ

t1ð1Þ

2
u21ð0; tÞ þ

t2ð1Þ

2
w21ð0; tÞ þ

r2ð1Þ

2

qw1ðl1; tÞ

qx̄1

� �2

þ
t4ð1Þ

2
u21ðl1; tÞ þ

t3ð1Þ

2
w21ðl1; tÞ þ

r1ð2Þ

2

qw2ðl2; tÞ

qx̄2

� �2
þ

t2ð2Þ

2
u22ðl2; tÞ þ

t1ð2Þ

2
w22ðl2; tÞ; ð2Þ

where ðEIÞðiÞ and ðEAÞðiÞ denote the flexural rigidity and the axial rigidity of the i member of the
frame.
Hamilton’s principle requires that between times ta and tb; at which the positions of the

mechanical system are known, it should execute a motion which makes stationary the functional
F ðwÞ ¼

R tb

ta
ðT � UÞdt; on the space of admissible functions, where w ¼ ðw1ðx1; tÞ;

u1ðx1; tÞ;w2ðx2; tÞ; u2ðx2; tÞÞ:
The stationary condition required by Hamilton’s principle is given by

dF ðw; vÞ ¼ 0 8v 2 D0; (3)

where D0 is the space of admissible directions at w for the domain D of the functional. It is
convenient to introduce new variables xi ¼ x̄i=li; i ¼ 1; 2; and the parameters

rli
¼

li

l
; rEI ðiÞ ¼

ðEIÞðiÞ

EI
; rrAðiÞ

¼
ðrAÞðiÞ

rA
; rEAðiÞ

¼
ðEAÞðiÞ

EA
; i ¼ 1; 2;



ARTICLE IN PRESS

C.M. Albarracı́n, R.O. Grossi / Journal of Sound and Vibration 285 (2005) 467–476470
Rið1Þ ¼
rið1Þl1

ðEIÞð1Þ
; i ¼ 1; 2; R1ð2Þ ¼

r1ð2Þl2

ðEIÞð2Þ
;

Tið1Þ ¼
tið1Þl

3
1

ðEIÞð1Þ
; i ¼ 1; 2; 3; 4; Tið2Þ ¼

tið2Þl
3
2

ðEIÞð2Þ
; i ¼ 1; 2; ð4Þ

where l, rA and EI are generic parameters.
The change of variables and parameters described in Eqs. (4) leads to the following expression

of the functional F ðwÞ:

F ¼
1

2

Z tb

ta

X2
i¼1

Ai

Z 1
0

qwiðxi; tÞ

qt

� �2
þ

quiðxi; tÞ

qt

� �2 !
dxi

 !
dt

�
1

2

Z tb

ta

X2
i¼1

Bi

Z 1
0

qw2i ðxi; tÞ

qx2i

� �2
dxi

 !
dt �

1

2

Z tb

ta

X2
i¼1

Ci

Z 1
0

quiðxi; tÞ

qxi

� �2
dxi

 !
dt

�
1

2
B1R1ð1Þ

Z tb

ta

qw1ð0; tÞ

qx1

� �2
dt þ C1T1ð1Þ

Z tb

ta

ðu1ð0; tÞÞ
2 dt

"

þ C1T2ð1Þ

Z tb

ta

ðw1ð0; tÞÞ
2 dt þ B2R1ð2Þ

Z tb

ta

qw2ð1; tÞ

qx2

� �2
dt

þ C2T2ð2Þ

Z tb

ta

ðu2ð1; tÞÞ
2 dt þ C2T1ð2Þ

Z tb

ta

ðw2ð1; tÞÞ
2 dt

þB1R2ð1Þ

Z tb

ta

qw1ð1; tÞ

qx1

� �2
dt þ C1T3ð1Þ

Z tb

ta

ðw1ð1; tÞÞ
2 dt þ C1T4ð1Þ

Z tb

ta

ðu1ð1; tÞÞ
2 dt

#
; ð5Þ

where

Ai ¼ rAlrrAðiÞ
rli
; Bi ¼

EI

l3
rEI ðiÞ

ðrli
Þ
3
; Ci ¼

EA

l

rEAðiÞ

rli

; i ¼ 1; 2: (6)

Taking into account the compatibility conditions w2ð0; tÞ ¼ u1ð1; tÞ;�u2ð0; tÞ ¼ w1ð1; tÞ;
qw1ð1; tÞ=qx1 ¼ ðl1=l2Þqw2ð0; tÞ=qx2 and applying the procedures of calculus of variations in Eq.
(3) leads to the following boundary and eigenvalue problem:

q4w1ðx1; tÞ
qx41

þ k41
q2w1ðx1; tÞ

qt2
¼ 0; k41 ¼ a4

ðrAÞð1Þ

rA

EI

ðEIÞð1Þ

l1

l

� �4
; (7)

q2u1ðx1; tÞ
qx21

� p21
q2u1ðx1; tÞ

qt2
¼ 0; p21 ¼ a4

ðrAÞð1Þ

rA

EA

ðEAÞð1Þ

I

Al2
l1

l

� �2
; (8)

q4w2ðx2; tÞ
qx42

þ k42
q2w2ðx2; tÞ

qt2
¼ 0; k42 ¼ a4

ðrAÞð2Þ

rA

EI

ðEIÞð2Þ

l2

l

� �4
; (9)
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q2u2ðx2; tÞ
qx22

� p22
q2u2ðx2; tÞ

qt2
¼ 0; p22 ¼ a4

ðrAÞð2Þ

rA

EA

ðEAÞð2Þ

I

Al2
l2

l

� �2
; (10)

w2ð0; tÞ ¼ u1ð1; tÞ; �u2ð0; tÞ ¼ w1ð1; tÞ; (11,12)

qw1ð1; tÞ

qx1
¼

l1

l2

� �
qw2ð0; tÞ

qx2
; R1ð1Þ

qw1ð0; tÞ

qx1
¼

q2w1ð0; tÞ
qx21

; (13,14)

R2ð1Þ
qw1ð1; tÞ

qx1
þ
q2w1ð1; tÞ

qx21
�

ðEIÞð2Þ

ðEIÞð1Þ

l1

l2

� �2 q2w2ð0; tÞ
qx22

¼ 0; (15)

�T1ð1Þ
ðEIÞð1Þ

EI

EA

ðEAÞð1Þ

I

Al2

� �
l

l1

� �2
u1ð0; tÞ þ

qu1ð0; tÞ

qx1
¼ 0; (16)

T2ð1Þw1ð0; tÞ ¼ �
q3w1ð0; tÞ

qx31
; (17)

T3ð1Þw1ð1; tÞ �
q3w1ð1; tÞ

qx33
þ

EI

ðEIÞð1Þ

ðEAÞð2Þ

EA

Al2

I

� �
l1

l2

� �
l1

l

� �2 qu2ð0; tÞ

qx2
¼ 0; (18)

T4ð1Þu1ð1; tÞ þ
ðEIÞð2Þ

ðEIÞð1Þ

l1

l2

� �3 q3w2ð0; tÞ
qx32

þ
ðEAÞð1Þ

EA

Al2

I

� �
l1

l

� �2 qu1ð1; tÞ

qx1
¼ 0; (19)

R1ð2Þ
qw2ð1; tÞ

qx2
¼ �

q2w2ð1; tÞ
qx22

; T1ð2Þw2ð1; tÞ ¼
q3w2ð1; tÞ

qx32
; (20,21)

T2ð2Þ
ðEIÞð2Þ

EI

EA

ðEAÞð2Þ

I

Al2

� �
l

l2

� �2
u1ð1; tÞ þ

qu2ð1; tÞ

qx2
¼ 0; (22)

where a4 ¼ ðrA=EIÞl4:
3. Determination of the exact solutions

Using the well-known separation of variables method, the solution of Eqs. (7)–(10) are assumed
to be of the form:

w1ðx1; tÞ ¼
X1
n¼1

w1nðx1ÞTðtÞ; u1ðx1; tÞ ¼
X1
n¼1

u1nðx1ÞTðtÞ; (23,24)

w2ðx2; tÞ ¼
X1
n¼1

w2nðx2ÞTðtÞ; u2ðx2; tÞ ¼
X1
n¼1

u2nðx2ÞTðtÞ: (25,26)
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The functions w1nðx1Þ; u1nðx1Þ; w2nðx2Þ and u2nðx2Þ denote the corresponding transverse and
longitudinal modes of natural vibration and they are, respectively, given by

w1nðx1Þ ¼ c1 coshðla1x1Þ þ c2 sinhðla1x1Þ þ c3 cosðla1x1Þ þ c4 sinðla1x1Þ; (27)

u1nðx1Þ ¼ c5 cosðl
2b1x1Þ þ c6 sinðl

2b1x1Þ; (28)

w2nðx2Þ ¼ c7 coshðla2x2Þ þ c8 sinhðla2x2Þ þ c9 cosðla2x2Þ þ c10 sinðla2x2Þ; (29)

u2nðx2Þ ¼ c11 cosðl
2b2x2Þ þ c12 sinðl

2b2x2Þ; (30)

where

l ¼ a

ffiffiffiffiffiffi
o2n

4

q
; ai ¼

ffiffiffiffiffiffiffiffiffi
rrAðiÞ

rEI ðiÞ

4

s
	 rli

and bi ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rrAðiÞ

rEAðiÞ

I

Al2

s
	 rli

; i ¼ 1; 2:

Substituting Eqs. (27)–(30) in Eqs. (23)–(26) and then in the boundary conditions (11)–(22) one
obtains a set of 12 homogeneous equations in the constants ci; i ¼ 1; 2; . . . ; 12: Since the system is
homogeneous for existence of a non-trivial solution the determinant of coefficients must be equal
Table 1

Values of coefficients li; i ¼ 1; . . . ; 5; for a frame with elastically restrained ends and without intermediate supports

T1ð1Þ;T2ð1Þ; T1ð2Þ;T2ð2Þ; R1ð1Þ;R1ð2Þ l1 l2 l3 l4 l5

0 0.00000 0.00000 0.00000 2.05385 4.04051

1 0.97470 0.99109 1.56362 2.33254 4.23583

10 1.70708 1.72732 2.32748 2.87702 4.69096

100 2.93023 2.93336 3.50860 3.98073 5.27911

1000 3.82348 4.44319 5.41265 5.47562 6.76109

1 3.92225 4.71423 7.03769 7.75888 10.00696

The restraint parameters are T3ð1Þ ¼ T4ð1Þ ¼ R2ð1Þ ¼ 0: The geometric and mechanical parameters are: rl1 ¼ rl2 ; rEI ð1Þ ¼

rEI ð2Þ ; rrAð1Þ
¼ rrAð2Þ

; rEAð1Þ
¼ rEAð2Þ

:

Table 2

Values of coefficients li; i ¼ 1; . . . ; 5; for a frame with elastically restrained ends and without intermediate supports

T1ð1Þ; T2ð1Þ l1 l2 l3 l4 l5

0 0.00000 0.83363 1.16215 2.11311 4.04811

1 0.92558 0.98556 1.33896 2.16115 4.05571

10 1.00736 1.47760 1.86202 2.58755 4.12541

100 1.01403 1.70795 2.95432 3.39236 4.51328

1000 1.01469 1.72829 3.53394 4.34804 5.47491

1 1.01476 1.73046 3.55140 4.46820 6.61624

The restraint parameters are: T3ð1Þ ¼ T4ð1Þ ¼ R1ð1Þ ¼ R2ð1Þ ¼ R1ð2Þ ¼ 0; T1ð2Þ ¼ T2ð2Þ ¼ 1: The geometric and mechanical
parameters are: rl1 ¼ rl2 ; rEI ð1Þ ¼ rEI ð2Þ ; rrAð1Þ

¼ rrAð2Þ
; rEAð1Þ

¼ rEAð2Þ
:
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to zero. This procedure yields the frequency equation:

Gðl;TiðkÞ;RjðkÞ; rlk
; rEI ðkÞ ; rEAðkÞ

; rrAðkÞ
Þ ¼ 0: (31)

4. Results and discussion

Exact solutions are included in Tables 1–5. Tables 1 and 2 depict values of coefficients li;
i ¼ 1; . . . ; 5 for a frame with elastically restrained ends and without intermediate supports. Tables
Table 3

Values of coefficients li; i ¼ 1; . . . ; 5; for a frame with elastically restrained ends with intermediate supports

R1ð1Þ; R2ð1Þ; R1ð2Þ l1 l2 l3 l4 l5

0 1.09055 1.10098 1.35132 2.16592 4.05606

1 1.10249 1.10331 1.72616 2.33673 4.29620

10 1.10542 1.10543 2.31853 2.58263 4.98141

100 1.10587 1.10587 2.61222 2.65370 5.52180

1000 1.10592 1.10591 2.65778 2.66218 5.63037

1 1.10592 1.10592 2.66314 2.66314 5.64374

The restraint parameters are: T1ð1Þ ¼ T2ð1Þ ¼ T3ð1Þ ¼ T4ð1Þ ¼ T1ð2Þ ¼ T2ð2Þ ¼ 1: The geometric and mechanical
parameters are: rl1 ¼ rl2 ; rEI ð1Þ ¼ rEI ð2Þ ; rrAð1Þ

¼ rrAð2Þ
; rEAð1Þ

¼ rEAð2Þ
:

Table 4

Values of coefficients li; i ¼ 1; . . . ; 5; for a frame with elastically restrained ends with intermediate supports

T1ð1Þ; T2ð1Þ; T3ð1Þ; T4ð1Þ; T1ð2Þ; T2ð2Þ l1 l2 l3 l4 l5

0 0.00000 0.00000 2.26230 2.53867 4.97596

1 1.10542 1.10543 2.31853 2.58263 4.98141

10 1.95013 1.95027 2.69155 2.89739 5.03087

100 3.27544 3.33965 3.88990 4.04034 5.51181

1000 3.94533 4.30899 6.22115 6.26932 6.96638

1 4.02566 4.43027 6.93835 7.44986 9.94586

The restraint parameters are: R1ð1Þ ¼ R2ð1Þ ¼ R1ð2Þ ¼ 10: The geometric and mechanical parameters are: rl1 ¼ rl2 ; rEI ð1Þ ¼

rEI ð2Þ ; rrAð1Þ
¼ rrAð2Þ

; rEAð1Þ
¼ rEAð2Þ

:

Table 5

Values of coefficients li; i ¼ 1; . . . ; 5; for a frame with elastically restrained ends and with intermediate supports

T1ð1Þ;T2ð1Þ; T3ð1Þ;T4ð1Þ; T1ð2Þ;T2ð2Þ l1 l2 l3 l4 l5

0 0.00000 0.00000 2.38829 5.08100 5.79255

1 2.18288 2.49432 2.87358 5.14505 5.89858

10 2.66092 3.67441 4.74889 5.47793 6.87996

100 3.72334 4.40942 5.71845 8.22343 8.97102

1000 4.31349 6.22629 7.03839 9.45661 10.98457

1 4.39813 7.38833 10.21622 10.85143 13.58976

The restraint parameters are: R1ð1Þ ¼ R2ð1Þ ¼ R1ð2Þ ¼ 10: The geometric and mechanical parameters are: rl1 ¼ 1; rl2 ¼
1
2
;

rEI ð1Þ ¼ 1; rEI ð2Þ ¼ 16; rrAð1Þ
¼ 1; rrAð2Þ

¼ 4; rEAð1Þ
¼ 1; rEAð2Þ

¼ 4:
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Fig. 2. Mode shapes of the frame with the following parameters: T3ð1Þ ¼ T4ð1Þ ¼ R2ð1Þ ¼ 0; T1ð1Þ ¼ T2ð1Þ ¼ T1ð2Þ ¼

T2ð2Þ ¼ R1ð1Þ ¼ R1ð2Þ ¼ 1; rl1 ¼ rl2 ; rEI ð1Þ ¼ rEI ð2Þ ; rrAð1Þ
¼ rrAð2Þ

; rEAð1Þ
¼ rEAð2Þ

: (a) First mode; (b) second; (c) third; (d)
fourth; (e) fifth.

C.M. Albarracı́n, R.O. Grossi / Journal of Sound and Vibration 285 (2005) 467–476474
3–5 depict values of the same frequency coefficients which correspond to a frame with
intermediate elastic constraints and generally restrained ends. All the values depicted in the
mentioned tables have been compared to FEM solutions and agreement was found to be
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Fig. 3. Mode shapes of the frame with the following parameters: T3ð1Þ ¼ T4ð1Þ ¼ R1ð1Þ ¼ R2ð1Þ ¼ R1ð2Þ ¼ 0; T1ð2Þ ¼

T2ð2Þ ¼ 1; T1ð1Þ ¼ T2ð1Þ ¼ 1; rl1 ¼ rl2 ; rEI ð1Þ ¼ rEI ð2Þ ; rrAð1Þ
¼ rrAð2Þ

; rEAð1Þ
¼ rEAð2Þ

: (a) First mode; (b) second; (c) third; (d)
fourth; (e) fifth.

C.M. Albarracı́n, R.O. Grossi / Journal of Sound and Vibration 285 (2005) 467–476 475
excellent. The mode shapes of a frame with rigidly clamped ends are presented in Figs. 2(a)–(e). In
this case the restraint, geometric and mechanical parameters are given by T3ð1Þ ¼ T4ð1Þ ¼ R2ð1Þ ¼
0; T1ð1Þ ¼ T2ð1Þ ¼ T1ð2Þ ¼ T2ð2Þ ¼ R1ð1Þ ¼ R1ð2Þ ¼ 1; rl1 ¼ rl2 ; rEI ð1Þ ¼ rEI ð2Þ ; rrAð1Þ

¼ rrAð2Þ
; rEAð1Þ

¼

rEAð2Þ
:
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Finally, in Figs. 3(a)–(e) the mode shapes of a frame with elastically restrained ends are shown.
The restraint, geometric and mechanical parameters are given by T3ð1Þ ¼ T4ð1Þ ¼ R1ð1Þ ¼ R2ð1Þ ¼
R1ð2Þ ¼ 0; T1ð2Þ ¼ T2ð2Þ ¼ 1; T1ð1Þ ¼ T2ð1Þ ¼ 1; rl1 ¼ rl2 ; rEI ð1Þ ¼ rEI ð2Þ ; rrAð1Þ

¼ rrAð2Þ
; rEAð1Þ

¼ rEAð2Þ
:
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